We consider the Nernst and Hall effects in fluctuation regime of chiral superconductors above transition temperatures, that are raised not by conventional Lorentz force, but by asymmetric scattering due to fluctuations of the Berry phase of the Bogoliubov-de Gennes Hamiltonian. It is found that these effects can be more significant than conventional ones for cleaner samples, exhibiting qualitatively distinct behaviors. The results provide systematic and comprehensive understanding for recent experimental observations of the Nernst effect in a clean URu2Si2 sample, which is suggested to be a chiral superconductor.
garded as an analog of the skew scattering process of the anomalous Hall effect, which is caused by a spin-orbit coupling involving impurity scattering [14] , but a major difference is that the scattering kernels are dynamical in this case.
There are several candidate systems for chiral superconductors, e.g. Sr 2 RuO 4 , URu 2 Si 2 , doped graphene/silicene, SrPtAs, and Na x CoO 2 · yH 2 O [15] [16] [17] [18] [19] [20] [21] [22] [23] . Among them, the heavy-electron superconductor URu 2 Si 2 , whose pairing symmetry is suggested to be chiral d zx ± id zy [16] [17] [18] , is one of the most promising one for the realization of the above-mentioned mechanism, because, for this system, strong superconducting fluctuation effects have been experimentally observed, which may be attributed to small energy scale raised by heavy effective mass and the reconstruction of electronic structures in the so-called hidden order phase [24] . Thus, in this letter, we mainly focus on this system, though our theory is also applicable to other chiral superconductors with minor modifications.
Model and Linear Response Theory -The Hamiltonian with which we start is an effective model for the superconducting state of URu 2 Si 2 which belong to E g representation of the point group D 4h [25] :
where we take a spherical Fermi surface, ξ k = k 2 /2m−µ, for simplicity, and the effective attractive interaction is given by V (k, k
. It is the model for the chiral d zx ± id zy superconductor URu 2 Si 2 . In the chiral superconducting phase, TRS is spontaneously broken and the gap function takes the form ∆(k) ∝ k z (k x + ik y ) (or k z (k x − ik y )), which is caused by an effective attractive interaction,
, where the pairing symmetry functions read φ(k) = 15/2k
is associated with the chirality C = +1 (−1). Here, we concentrate on transport phenomena above T c , in fluctuation regime, where TRS is not spontaneously broken. Therefore we use this model with two fluctuation channels, which are degenerate.
We will calculate transport coefficients by using the linear response theory. The Hall conductivity is given by the Kubo formula: σ αβ = S R αβ (ω)/(−iω) ω→0 , where S R αβ (ω) is the retarded current-current correlation function. On the other hand, the case of the Nernst effect is more involved. As pointed out by Smrcka et al. and N.R. Cooper et al. [26, 27] , one needs to take account of contributions from magnetization current in addition to those from the Kubo formula [28] . Then, the Nernst conductivity is,
Here, α
Kubo αβ
is the Kubo term give by the heat current correlation function, and M represents the magnetization. We use this microscopic formalism and diagram techniques to calculate the transport coefficients.
Anomalous Nernst and Hall Effects -We, here, demonstrate that in the case with only one superconducting fluctuation channel, say, V + (chirality C = +1), the anomalous (or spontaneous ) Nernst and Hall effect (ANE and AHE) can be induced even in the absence of Lorentz force due to magnetic fields. We emphasize again that they are raised by asymmetric scattering due to chirality (i.e. Berry phase) fluctuations. For this purpose, we calculate the transport coefficients using diagram techniques. An important role is played by the superconducting fluctuation propagator, of which the expression within gaussian approximation and in low-energy regions
Here, Π(q, ω l ) is a bare pairing susceptibility (BPS), ψ is the digamma function, ε = ln T /T c , N (0) is the density of states at the Fermi surface, and τ is an electron scattering time due to impurity and electron-electron scatterings. It is also assumed that ε ≪ 1 in the above equation. T c here includes the shift due to pair breaking effects. The coherence length is given by ξ
, and a x = a y = 6/7 and a z = 9/7 are numerical factors which reflect anisotropy of V (k, k ′ ). It is noted that effects of Cooperon vertex corrections are absent since we do not consider an s-wave pairing state but an anisotropic one and re-shift of T c does not occurs unlike s-wave case [29] [30] [31] .
First, we consider the first-order diagrams with respect to the fluctuation propagator, i.e. the AslamazovLarkin (AL), Maki-Thompson (MT), and density-ofstates (DOS) diagrams (upper panel in Fig. 1 ). In the ab- sence of Lorentz force due to an external magnetic field, these contributions are found to be zero. The reason is that in these diagrams pairing function appear as |φ| 2 and the information of the TRS-breaking chirality disappears. Generally, all contributions from diagrams belonging to the classes of the lower panel in Fig. 1 are zero for the same reason. The lowest order diagrams which do not belong to these classes and give nonzero contributions are depicted in Fig. 2 . In these diagrams, a renormalized four-point vertex, W (k, ω k ), (double line) raised by electron correlation is inserted. To proceed further, we introduce a simple model for W (k, ω k ). An important observation is that in the hidden order phase of URu 2 Si 2 , a short-range antiferromagnetic spin fluctuation exists as clarified by inelastic neutron scattering measurements [32, 33] . Then, it is natural to consider the four-point vertex mediated via the short-range spin fluctuation, and postulate the momentum and frequency dependence of the vertex as
, where χ 0 is the spin susceptibility, U is a coupling constant, and Γ is the energy scale of spin fluctuations. However, we stress that this specific form of W (k, ω k ) is not essential for our main results, though it affects quantitative details.
Then, we obtain the Kubo terms for the ANE and AHE, which stem from the diagrams in Fig. 2 . In clean limit and near T c [34], we have,
where Λ ≪ k F is a cutoff of the momentum of superconducting fluctuation propagator and f (2πT /Γ) is a dimensionless function, whose definition and numerical estimations are given in the supplemental material. Hitherto, we considered contributions from only one superconducting fluctuation channel with the chirality C = +1. However, above T c , TRS is not broken, and there is another chirality channel C = −1, which contributes to the Nernst and Hall conductivities as σ
, resulting in exact cancelation of transverse transport. Therefore, we need the polarization of the chirality to obtain non-vanishing ANE and AHE raised by Berry-phase fluctuations, which will be considered in the next section.
Chirality Polarization and Magnetization. -Now, we consider a mechanism of the polarization of the chirality due to a magnetic filed-chirality (MC) coupling, in which the difference in the weights of two superconducting fluctuation channels is induced by an applied magnetic field, leading to non-vanishing ANE and AHE. Moreover, we also calculate magnetization due to the MC-coupling, which contributes to the measurable Nernst conductivity (2) as mentioned above. We will find that it exhibits paramagnetism in contrast to diamagnetism due to fluctuating Meissner currents observed in conventional superconductors [35] .
The calculation is performed by incorporating magnetic field effects into the one-particle Green function with the use of the Pierls substitution :G(x, y, ε n ) = e −ieΦ(x,y) G(x − y, ε n ), where Φ(x, y) = y x A(r)dr is an integral of the vector potential along a straight line. This procedure is applicable when the energy spacing of the Landau levels is much smaller than the energy scale of broadening due to thermal fluctuations and scattering of quasiparticles: eH/m ≪ πT + τ −1 , where m is an effective mass of quasiparticles [36] . We obtain the real-space representation of the BPS under a uniform and z-oriented magnetic field, H = (0, 0, H) [34]:
where Π and Π ′ are the BPS under zero magnetic field of the chiral d zx ± id zy -wave and the p z -wave channel, respectively, the expressions of which are given in the supplemental material, and C = ±1 corresponding to the two chiralilty. The factor e −i2eΦ is the usual ABphase due to the magnetic field raising orbital pairing effect, and lowering T c as ∆T c /T c = −H/H c2 , where H c2 is the upper critical field at T = 0 [35] . From now on, we use T c as the shifted transition temperature due to this AB-phase. The second term in the brackets of Eq. Taking into account this chirality polarization, we recalculate the Nernst and Hall conductivities and obtain [34],
where we assumed a sufficiently week magnetic field
, retaining terms linear in H. Now, we calculate the magnetization contribution α mag xy in chiral superconductors above T c , which is caused by the MC-coupling. We calculate the free energy corrections due to polarized chirality fluctuations, neglecting the AB-phase of the BPS, which gives usual Meissner diamagnetism [35] :
where
From this free energy, we obtain
for sufficiently small magnetic fields eH/k
Here, we neglected quantum fluctuations keeping only terms with ω k = 0. Note that the contribution to the Nernst coefficient from paramagnetism raised by Berryphase fluctuations exhibits the same critical behavior as that of diamagnetism induced by fluctuating Meissner current in three dimensions, ∝ (T − T c ) −1/2 . The total Nernst conductivity due to Berry-phase fluctuations is given by sum of Eqs. (6) and (9), which constitute our main results.
We now discuss several important features of Eqs. (6) and (9) . The critical behavior of the magnetization current contribution, (9) , given by ∝ (T − T c ) −1/2 , is the same as that of the AL term of the Nernst conductivity, which is also obtained from a time-dependent GinzburgLandau equation [4, 37] . On the other hand, the critical behavior of the Kubo contribution, (6) , is less singular, ∝ (const. − √ T − T c ). However, we note that the dependence on scattering time τ of Eq. (6), which is proportional to τ 2 , is quite distinct from any conventional fluctuation-induced corrections to the Nernst coefficient previously studied so far. For instance, there is no τ -dependence in the contribution to α xy that obtained by dynamics of boson fields (i.e. fields of Cooper pairs), such as the scenarios of short-lived Cooper pairs (i.e. the conventional AL term) [4] and the vortex motion [5] . This is simply because that dynamics of bosons do not involve quasiparticle scattering time. Also, it is known that contributions from electron dynamics influenced by the fluctuation boson field, including the MT and DOS terms, do not yield τ -dependent α xy [38] . Thus, for sufficiently clean samples with large τ , the Kubo term α Kubo xy of the Berry-phase fluctuation mechanism significantly dominates over contributions from the AL, MT, and DOS terms of the Nernst conductivity raised by conventional Lorentz force. Furthermore, because of the τ -dependence, the Kubo term α Kubo xy is also much more enhanced than the magnetization term (9) for cleaner samples. Thus, the leading term of the Nernst conductivity for clean chiral superconductors is given by α Kubo xy . The unusual τ -dependence of α Kubo xy combined with increasing behavior for T ց T c as shown in Eq. (6) characterizes the distinct feature of the Berry-phase fluctuation mechanism. In Fig 3, we plot typical temperature dependences of Eq. (6) for several values of τ parametrizing the residual resistivity ratio (RRR) of samples. Here, we used material parameters of URu 2 Si 2 [39], and the calculation was achieved by using an approximation scheme explained in the supplemental material. As discussed above, α Kubo xy exhibits remarkably strong enhancement as T ց T c for cleaner systems. It is an intriguing feature issue to test our theory for real materials.
We briefly comment on the Hall conductivity σ xy given by Eq. (7). It has the same characteristic τ -dependence, ∝ τ 2 , as α
Kubo xy
, and, moreover, it is nonzero even when the electronic band is particle-hole symmetric. This point is quite different from conventional contributions derived from TDGL equation or, equivalently, the AL term, which requires particle-hole band asymmetry:
. However, it would be rather more difficult to detect the Hall effect than the Nernst effect, because normal Hall currents of conventional Fermi-liquid quasiparticles dominates for charge transport.
Implications for experiments-We discuss the implication of our results for experiments. The Nernst effect is observed by measuring the Nernst coefficient which is the ratio of an induced transverse electric field (E ŷ) to product of temperature gradient (∇T x) and an applied magnetic field (H ẑ): [39] We used the parameters of the material: Tc ∼ 1.5K, kF ∼ 0.5·10 10 m −1 , vF ∼ 1·10 4 m/s [43] , and Γ ∼ 1.5meV [32, 33] , and set the cutoff momentum as Λ ∼ kF /50 when ξ(Tc)Λ = 1. We neglected the τ -dependences of the transition temperature Tc and coherence length ξ, where these assumptions are justified for T τ ≫ 1. In this letter, RRR is defined as the ratio of σxx(T = 300K) toσxx(T = 0K) which is obtain by the exploration to T = 0K of the temperature dependence of the conductivity in the normal-metal region, i.e. temperature region where the conductivity is well fitted by σxx ∝ τ −1 = τ 
where A R αβ (ω) is the retarded correlation function of heat currents, and S R αβ (ω) is that of charge currents. We calculate contributions from diagrams a), b), c), and their mirror images in FIG. 2 in the main text to these correlation functions. For clarity, we depict these diagrams again more explicitly in FIGs. 4a), 4b), and 4c). The contributions from a), b), c), and their mirror images to the Matsubara Green functions corresponding to these correlation functions are,
where i = a, b, and c, and, ω k , ω l are the Matsubara frequencies, and q is a wave number, and
and
(S.14)
(S.15)
xy (ω l )) represents the sum of the contributions of the diagram i) and those of its mirror image, which are given by the complex conjugate of the original ones. In the above equations, the one-particle Green function, chiral d zx + id zy -wave pairing symmetry function, and velocity of quasiparticles are defined as G(k, ε k )
, and v(k) = ∂ξ k /∂k, respectively. For simplicity, we take the spherical Fermi surface: ξ k = k 2 /2m − µ, where m and µ are the mass and chemical potential of the quasiparticles, respectively. We, henceforth, neglect quantum superconducting fluctuations keeping only terms with ω k = 0. Since singular contributions at T c come from long-wave length regions where the center-of-mass momentum of fluctuating Cooper pairs q is small, we concentrate on the analysis of A i) andS i) for small q. Then, expanding X i) , Y i) , and Z i) as power series of q/k F , we obtain
,
for ω l > 0, where N (0) is the density of states at the Fermi surface. SinceÃ
, the contribution from the c) diagram is less singular near T c than that from a) or b). Therefore, we neglect the contributions from this diagram.
The most singular part in DC and clean limit arises from the summation over n in the region n, m = 0, 1, ..., l − 1, where |ε n | + |ε n−l | = ω l + 1/τ . We take only such terms and obtaiñ
(S.28)
Now, we introduceα i) (q),σ i) (q) (i = a, b, and c) defined as,α
Then, we obtaiñ
where t = 2πT /Γ and γ = 1/2πτ T , and the definitions of dimensionless functions u (i,j) (t, γ) and w (i,j) (t, γ) are given in Sec. B. In clean limit (γ → 0),
We introduce the cutoff momentum Λ ≪ k F in integration over q, since (S.34-S.37) are relevant in the domain where q/k F is sufficiently small. To simplify the expressions of the final results, we assume that the domain of integration is anisotropic: 
B. Dimensionless Functions
In this section, we give the definitions of the dimensionless functions which appear in the formulae of the Nernst and Hall conductivities presented in the previous section. We also obtain their approximated but explicit expressions. The main result of this section is that the dimensionless function f (t) is well approximated by a smooth functionf app (t) (S.56) for temperature regions where superconducting fluctuations are strong. We use it for the numerical calculation of temperature dependences of transport coefficients shown in FIG. 3 in the main text.
B1. Definitions
The definitions of dimensionless functions are
where (i, j) are nonnegative integers and the domains of definitions are i + j ≥ 1 for u (i,j) (t), and i, j ≥ 1 for w (i,j) (t, γ). They have the values at t = 0:
and their normalization factors are determined by the following conditions:
Eqs. (S.42-S.44) are proved in Sec. B3.
B2. Approximation Functions
We, here, introduce analytically-solvable approximation functions for the dimensionless functions (S.40) and (S.41). They are defined by the analytic continuation of functions of the Matsubara frequencies:
, (S.46) and they can be rewritten into compact expressions:
which are derived in Sec. B3. We can expect that u app (t) and w app i+j (t, γ) with small γ are good approximation functions for u (i,j) (t, γ = 0) and w (i,j) (t, γ), respectively, because of the following reason. They have the same asymptotic behaviors as the original functions for t → ∞, and also take the same values as the original ones at t = 0:
and We will prove these relations in Sec. B3.
In FIG. 5, we plot these approximation functions (dashed line) and numerical estimations of Eqs. (S.40) and (S.41) (dots) which are obtained by the Padé method. In this plot, we focus on u (2,1) (t, 0), w (2,1) (t, 0), and their sum, f (t) = u (2,1) (t, 0) + (2/π 2 )w (2,1) (t, 0), which appears in Eqs. (6) and (7) . Here, the range of the plot is set to be 0 < t < 2.0, which covers the region of superconducting fluctuations t c < t < xt c , x ∼ 3, with t c = 2πT c /Γ = 0.5. In this calculations, we used the material parameters of URu 2 Si 2 , i.e. T c ∼ 1.5K and Γ ∼ 1.5meV [16, 32] . As seen from FIG. 5, the t-dependences of the approximation functions are qualitatively similar to the original functions. However, there are slight quantitative differences. Then, to improve the approximation functions, we scale them as
where the scaling parameter constants are obtained by fitting the numerical data, and we find c u = 0.72, c ) and we see that they coincide with the original functions quite well. Therefore, we use these smooth functions to calculate temperature dependences of transport coefficients in the main text.
B3. Proofs of Relations
In this subsection, we give proofs of relations used in the previous sections.
· Proofs of Eq. (S.42)
We can easily verify the following relation,
where D. Derivations of Eqs. (6) and (7) The fluctuation propagator is modified due to the MCcoupling as
where we assume that the magnetic field is sufficiently weak (eH/k 2 F N (0)g ≪ ε) and the temperature is close to T c , i.e. Π ∼ 1/g. Then, we get For T ∼ T c , they are reduced to (6) and (7) in the main text.
